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In this paper, we propose a methodology that bears close resemblance to the Fourier analysis
of the first harmonic to study networks subjected to pendular behavior. In this context, pendular
behavior is characterized by the phenomenon of people’s dislocation from their homes to work
in the morning and people’s dislocation in the opposite direction in the afternoon. Pendular
behavior is a relevant phenomenon that takes place in public transport networks because it
may reduce the overall efficiency of the system as a result of the asymmetric utilization of
the system in different directions. We apply this methodology to the bus transport system of
Bras´ılia, which is a city that has commercial and residential activities in distinct boroughs. We
show that this methodology can be used to characterize the pendular behavior of this system,
identifying the most critical nodes and times of the day when this system is in more severe demanded.
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I. INTRODUCTION
Recent research has revealed that human mobility pat-
terns are not well described by random walk models [1].
Precise knowledge of these patterns is a fundamental step
for promoting solutions that address the needs of real
world issues such as traffic congestion [2] and disease
transmission [3].
As large databases are available and can be used to
model human mobility, knowing how to differentiate be-
tween relevant and irrelevant pieces of information is im-
portant. Usually, two different approaches are consid-
ered [4], namely the data-driven approach and the hy-
pothesis testing approach. The data-driven approach,
which is common in science or machine learning litera-
ture, uses raw data or a transformed version of the data
to determine distributions or to build models that can
reveal interesting patterns. By contrast, the hypothesis
testing approach, which is commonly applied in economic
theory or social science, uses the actual data to test a
previously built model. Most approaches have consid-
ered the first paradigm [5–7], and the gravity model [8]
that was recently reviewed in [9, 10] is a good example
of the second approach.
Our paper focuses on human mobility by means of
public transport networks (PTN) [11–22] with the use
of a data-driven approach. While considerable literature
deals with PTN, the literature that investigates topolog-
ical representations of PTN is of fundamental interest
here [13, 14]. In our paper, we use data from the bus
transport system of Bras´ılia, the Brazilian capital, which
belongs to one of the federated units of the country, called
Distrito Federal (DF). In this context, a relevant step is
to mention a previous study [18] that analyzes the bus
transport system of the four largest cities in China.
The DF comprises 30 boroughs [Fig. 1(a)], with
Bras´ılia being the one that concentrates public jobs
(Fig. 2). In 2011, census data (PDAD/DF-2011) esti-
mate that the DF has a population of 2 556 149, with
1 078 261 employed individuals [23].
Similar to many metropolitan areas, the DF has a
heterogeneous population distribution with commercial
and residential activities concentrated in distinct and far
apart boroughs. Business and administrative areas are
highly concentrated in Bras´ılia [borough 1 in Fig. 1(a)
and 2], which has 477 125 job positions, but with only
87 736 of those occupied by local residents. The three
geographically close boroughs of Ceilaˆndia, Taguatinga,
and Samanbaia [boroughs 3, 9, and 12 of Figs. 1(a) and
2] are the residences of most workers. This concentra-
tion of residences and jobs is reflected in the bus stop
distribution, as shown in Fig. 1(b).
The existence of distinct residential and business
neighborhoods results in a pendular movement of peo-
ple between regions, with opposite travel directions in
the morning and in the afternoon. A greater pendular
disparity corresponds to a larger usage imbalance of the
two routes’ directions, thereby resulting in underutiliza-
tion of some resources and reduced system efficiency. In
this paper, we propose pendular movement measures that
can help identify critical operation times.
Our approach helps managers and users of the system
identify the most vulnerable times of system operation,
predict the best time to travel to a particular region, and
improve the system. In particular, we found that the
pendular behavior of the bus transport system in Bras´ılia
can be assessed with only two measures that are used to
summarize the properties of the center of mass (CM) of
the distribution of the bus trips.
This approach can also be used to understand the crit-
ical behavior of other networks, such as power grid net-
works [24, 25] and financial loan networks [26–28], that
are influenced by human actions that present bursts or
other periodical temporal patterns. While power grid
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FIG. 1. (a) Administrative boroughs of the DF, numbered
from 1 to 30 and (b) the 3673 bus stops of the public bus
transport system. Number 1 refers to Bras´ılia, which houses
the federal government and is the center of the metropolitan
area. Most of the population live in other boroughs, mainly
in the southwest of Brasilia. The rectangle encompasses most
of the residential and job positions, and is the area analyzed
in Fig. 10.
networks are subjected to daily human patterns, financial
loan networks are subjected to monthly, yearly, and other
temporal cyclical patterns of economic systems. Thus,
our model can be helpful given the real-world importance
of these networks and the fact that these networks are
vulnerable to failures at all scales [29].
II. PTN TOPOLOGY
Several different networks can be built from the same
public transport system. Systems are composed of
routes, trips, and stops. The stops may be georeferenced,
and the trips usually define the instant when each stop
is reached. It can also contain information, such as the
number of passengers inboard. Meanwhile, the network
is defined by its nodes and links, which, among other
possibilities, can be directed or weighted.
The network topology will depend on which objects of
the system are associated with the network nodes and on
the rules that establish the links between nodes. Four
FIG. 2. Population distribution among the DF’s boroughs.
The geographical position of the boroughs are shown in
Fig. 1(a). The job positions are concentrated in Brasilia, and
the commuting working is concentrated population in Cei-
landia, Samambaia, and Taguatinga, which are found on the
lower left side of the maps in Fig. 1 and 10.
(a) Transport system (b) L-space (c) C-space
(d) P-space (e) B-space
FIG. 3. A public transport system is composed of routes
that visit the same sequence of stops during each trip. The
hypothetical system shown in (a) is composed of three routes,
r1 . . . r3, and twelve stops, s1 . . . s12. Section II discuss the
four spaces that can be used when translating the system in
a network. Networks (b)-(e) are the representation of those
spaces of the transport system shown in (a).
topological representations are commonly used to build
a complex network out of real public transport data [13,
14, 17, 18, 20].
P-space: Stops and stations are the nodes and an edge
exists between two nodes if the nodes are simulta-
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neously attended by at least one route [13–15, 18].
L-space: Graphs are similar to P-space, but each node
is connected only to its immediate predecessor and
successor on the routes [14, 15, 18].
C-space: Routes are the nodes and an edge exists be-
tween two routes if they share at least one stop [18,
19].
B-space: Routes and stops are both nodes of the net-
work, and edges link routes to all their attended
stops; however, no link exists between two stops or
two routes [18, 19].
Fig. 3 depicts these four PTN networks, which result from
a minimal and imaginary transport system.
Data from several cities were analyzed using these rep-
resentations either referring to the bus system [14, 16–19],
rail system [14], or subway system [11, 12, 21, 22]. Only
topological aspects were analyzed in these studies with
no weighted or multi-edge links. Furthermore, the graphs
were undirected and self-edges were not allowed.
Trains and subway systems may differ from bus net-
works in a way that affects the PTN topology. In most
transport systems, train and subway stations can be
reached by vehicles running in two directions, but all
buses that attend a given stop travel along the same di-
rection. Therefore, bus stops naturally separate the flow
in both directions, whereas the directions become mixed
in the stations of train networks.
Pendularity is often a directional phenomenon. Thus,
it will only be detected in a train system if measured
over the directed edges. For that reason, we will restrict
ourselves to the measurement of the edges pendularity
even though it could also be determined over the nodes
of bus networks.
A directed network can only be built if proper informa-
tion regarding the direction of flow is available. If this
is not the case, then pendularity studies would require
a higher Fourier component to analyze the system, as
discussed in the Appendix.
Another reason to focus on edges instead of the nodes
is that the edges provide a more natural representation
of the transit flow in the map.
Among the representations discussed in this section, L-
space is the most suitable for our analysis, because it nat-
urally incorporates the trip’s directionality between any
two stops/stations. In addition, L-space can be immedi-
ately mapped to the street network where pendularity is
observed, and it allows the construction of geographical
maps that provide immediate visual information.
III. PROPERTIES OF THE PTN ELEMENTS
Most works on PTN deal with the network topology,
which is built from the routes and stops of the public
transport system. However further analysis of the PTN
FIG. 4. Normalized distribution along the day of every time
a bus of the DF public transport system went through a stop
on 13/Oct/2014, a typical weekday. In (a) the size of the
bars is proportional to the number of buses stopping at each
half-hour interval. In (b) each stop is weighted by the number
of passengers in the bus. The peaks related to the morning
and the afternoon commuting are visible in both distribution
although they are much more evident in the passengers’ mo-
tion.
can be conducted if we consider other layers of informa-
tion regarding, for example, the individual trips or the
number of passengers. Although these pieces of informa-
tion may look conceptually different, because the number
of trips is related to the service supply and the number of
passengers is related to the service demand, both pieces of
information come from equilibrium data that can be rep-
resented as a kind of simultaneous equation model [30].
Therefore, individual trips roughly smooth the number
of passengers. Although supply and demand peak dur-
ing rush hours, as shown in Fig. 4, demand has stronger
peaks.
To better serve the users, the trips are not uniformly
distributed along the day but concentrate during the
hours with higher demand. It may appear that the num-
ber of trips per hour should be proportional to the av-
erage demand at that time of the day. However, this
condition is neither feasible nor desirable.
A frequent property of public transport services in the
DF is the highly directional demand during the rush
hours, toward downtown in the morning and away from
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downtown in the evening. The vehicles that handle the
morning demand must either stay parked downtown dur-
ing the day or immediately return for a new trip. These
returning vehicles may or may not be in service, and if
they are not in service, then no trip is assigned to the
empty vehicles. In any case, the demand is higher than
the supply in the commute direction. Furthermore, even
with very low demand, the vehicles’ frequency may not
be decreased below a given threshold to avoid excessive
waiting times.
Directionality is another piece of information that is
usually not considered in the PTN analysis of stops. For
routes and trips, the incoming flow of a given stop is, in
general, equal to the outgoing flow and each of the flows
is equal to half the total number of routes or trips of
that stop. The only possible exceptions are the terminal
stops. The situation is different with the directionality
of passengers, because the number of passengers arriving
at or leaving from a stop is not necessarily the same.
However, the data available to us do not detail how the
passenger numbers change within the trip; rather, the
data show only the total number of passengers in each
trip, and we assume that all passengers ride the whole
trip.
IV. MEASURES OF PENDULARITY
Any measure that aims to analyze the distribution of
a service around the day must reflect the 24-hour peri-
odicity. To take into account the cyclical aspect of that
problem, we associate an angle θi to the hour hi of each
trip i (24-hour clock), as defined by the equation
θi =
2pihi
24
rad. (1)
The angle is used to place the trips along the circles of
radius 1, as shown in Fig. 5.
If the events along the clock were placed in a straight
line starting at 0 h and ending at 24 h, then instead of
a circle, an artificial discontinuity exists, which would,
for example, make a trip at 23 h 59 min be almost 24 h
distant of a trip at 0 h 1 min. In this case, an equivalent
approach is to explicitly consider the 24 h periodicity of
the trip in a Fourier series, as discussed in the Appendix.
Once we define the position ~ri of each trip along the
aforementioned circle of radius 1, we can use the concept
of CM to summarize some properties of that distribution.
The CM of the distribution of trips along the unitary
circle, depicted in Fig. 5, is calculated as
~RCM =
1
M
N∑
i=1
mi ~ri, (2)
M =
N∑
i=1
mi. (3)
(a)
(b)
FIG. 5. A point along the circle of radius r = 1 is assigned to
each bus visiting a stop, the angle defined by the hour of the
visit. Three stops are shown in the above figures, namely at
9 h, 12 h, and 15 h, from which the CM was calculated. In
(a), every stopping of a bus has the same weight. In (b), the
number of passengers is used as weight. The CM is attracted
by heavier trips. The hour h is connected to the angle θ by
Eq. (1).
The “mass” mi represents the trip importance. It may
either be constant, which means that all trips are equally
relevant, or it may be equal to the number of passengers
on the bus, which means that the trip importance is pro-
portional to the number of attended users.
Instead of using the vectorial notation, Eq. 2 can be
decomposed as
XCM =
1
M
N∑
i=1
mi cos θi , (4a)
YCM =
1
M
N∑
i=1
mi sin θi . (4b)
From these components, we can write the radius and the
hour of the CM as
RCM =
√
XCM
2 + YCM
2 (5a)
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hCM =
24
2pi
arctan
YCM
XCM
+

24 if XCM > 0 and YCM < 0
0 if XCM > 0 and YCM > 0
12 if XCM < 0
(5b)
The hour of the CM is an average of the hours of the
scheduled trips. Fig. 5(a) shows the CM of a symmetric
distribution of trips. If the same trips are weighted by the
number of passengers, then the hour of the CM moves to-
ward the trip that more passengers attended [Fig. 5(b)].
The radius of the CM expresses how concentrated the
trips or passengers are around a given hour. Its maxi-
mum value, RCM = 1, occurs when the trips are concen-
trated in one instant, for example, when only one trip is
made per day. With trip weighting, the minimum value,
RCM = 0, occurs when the trips are symmetrically dis-
tributed along the day, for example, if N trips are made
per day and they are separated by 24/N hours. If the N
trips are regularly distributed between the hours h1 and
h2, with h1 < h2, then the CM points to the mean value
hCM =
h1 + h2
2
. (6)
An expression for RCM can be found if we use the con-
tinuous approximation (N →∞) shown in Fig. 6(a). As
the only goal of that distribution is to calculate RCM , we
symmetrize the distribution with respect to zero, thereby
resulting in the integral
RCM =
1
∆θ
∫ ∆θ/2
−∆θ/2
cos(θ) dθ =
2
∆θ
sin(∆θ/2), (7)
where ∆θ = 2pi(h2 − h1)/24. Fig. 6(b) shows how the
radius RCM depends on the ∆h = (h2 − h1). More con-
centrated trips imply smaller ∆h and bigger RCM .
V. CENTER OF MASS OF PUBLIC
TRANSPORT NETWORKS
We start by drawing the PTN topology in the L-space.
Next, we calculate and attribute to each node (stop) or
edge (route linking two stops) the following three prop-
erties: M , Eq. (3), the hCM , Eq. (5b), and the RCM ,
Eq. (5a).
With the use of data from the public transport system,
the CM is calculated for each stop and its properties are
assigned to the nodes.
Before calculating the CM of an edge in the L-space,
the time of each trip that goes along the edge needs to
be calculated. This time is defined as the mean time of
the trip in the two nodes connected by the edge. After
the calculation, the CM is obtained and the edge receive
the properties M , hCM , and RCM .
When calculating these properties, the trips may all
have the same weigh or the weigh may be proportional
(a)
 0
 1
 0  6  12  18  24
R
CM
∆h (h)
(b)
FIG. 6. (a) The CM of a continuous distribution is easily
calculated and can be used to estimate the CM of a regular
distribution of trips along the hours defining the angles θ1 and
θ2. The ~RCM points towards the mean value of these angles,
and its length (b) is given by Eq. (7). Larger values of RCM
indicate more concentrated distributions.
to the number of passengers, thereby resulting in two
different network, which we will call trips-weighted and
passengers-weighted networks.
In the following discussion, we will use data from the
DF’s transport system to build PTNs that incorporate
the information from the CM analyis. The empirical
data for this work were obtained from DFTRANS, the
government agency for urban transport management.
Data was collected for seven sequential days starting on
13/Oct/2014. No significant difference was found be-
tween the weekdays. Therefore we restrict our exposition
to day 1. The day comprised 574 routes, 17 479 trips, and
710 765 passengers. Fig. 7 shows the 50 busiest routes of
that day.
The distribution of M , hCM , and RCM among the
edges is shown in Fig. 8, where the height of each bar is
proportional to the number of edges, i.e., all edges have
the same weight. This edge weight must be clearly dis-
tinguished from the weight of the trips, which is used to
compute the trips-weighted and the passengers-weighted
networks.
Applying to the edges the same weighting schemes used
in the trips makes sense. We perform this approach by
defining the weight of the edge as equal toM , which is the
sum of the weight of the trips on that edge (Eq. 3). This
5
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FIG. 7. Fifty routes of the DF public transport system with
more trips in 13/Oct/2014, a typical weekday. The number of
trips and the mean number of passengers per trip are shown
for each route. The average and the standard deviation of the
mean number of passengers per trip among these fifty routes
are 34.25 and 14.85, respectively.
FIG. 8. Distribution of M , Eq. (3), hCM , Eq. (5b), and RCM ,
Eq. (5a), of the network edges. (a) The upper plots are from
the trips-weighted network and (b) the three lower plots are
from the passengers-weighted network. The sizes of the bars
are proportional to the number of edges. A significant num-
ber of edges with RCM = 1 exist in the passengers-weighted
network, and are related to roads where most passengers com-
mute in a short time interval even though no such concentra-
tion is observed in the trips-weighted network.
FIG. 9. Distribution of M , Eq. (3) , hCM , Eq. (5b), and
RCM , Eq. (5a), of the network edges. (a) The upper plots
are from the trips-weighted network and (b) the three lower
plots are from the passengers-weighted network. The sizes
of the bars are proportional to the number of trips in the
upper plots and to the number of passengers in the lower
plots. A comparison with Fig. 8 shows that the weighting can
significantly affect the distribution, with the main effect being
the reduced importance of edges with few trips or passengers.
weighting was used to build the histograms of M , hCM ,
and RCM , as shown in Fig. 9. The weighting scheme is
the only difference between Fig. 8, where all edges have
the same weight, and Fig. 9, where the weight of an edge
is equal to the sum of weight of its trips.
Many irrelevant outliers present in Fig. 8 disappear in
the weighted histogram of Fig. 9. This evidence demon-
strates the importance of including other properties, be-
sides the topology, in the analysis of PTNs.
We classify the edges and the nodes as morning or af-
ternoon depending on whether their hCM value is greater
or less than the average value. We plot these two sets of
vertices in separate maps, shown in Fig. 10.
From the distributions shown in Fig. 9, we calculated
the mean value (µ) and the standard deviation (σ) of the
hCM and RCM . From these values, we defined the color
interval of the maps of Fig. 10. For morning hCM , we
used the interval [µh − 2σh, µh]. For the afternoon hCM ,
we used the interval [µh, µh + 2σh]. For the RCM , we
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used the interval [µR − 2σR, µR + 2σR].
These maps show each edge geographically located.
The six maps are the combination of three measures,
namely, morning hCM , afternoon hCM , and RCM , and
two weighting variables, namely, the number of trips and
the number of passengers.
VI. DISCUSSION
Non-pendular edges are equally in demand for both di-
rections during the morning and afternoon peaks, while
pendular edges are more in demand for opposing direc-
tions in each peak. Therefore, hCM of non-pendular
edges is closer to the average, and pendular ones have
more extreme values. These extreme values are shown as
the magenta edges of the hCM maps of Fig. 10.
As shown in Fig. 4, the passenger distribution along
the day fluctuates more widely than the corresponding
trip distribution. The pendularity is related to distri-
bution non-uniformity and is therefore expected to be
more evident in the passengers-weighted network. How-
ever, this higher pendularity is not necessarily reflected
in stronger colors in the passengers-weighted network of
Fig. 10, because the color map is set to cover the range
of values in a similar way.
Aside from distinct pendularity displayed in each net-
work, distinct information is delivered by each map. The
per-trip maps provide information regarding vehicle us-
age and traffic infrastructure load. The per-passenger
maps reflect the attended population and the usage of
the public transport installations.
The morning and afternoon traffic patterns are dis-
tinct. As can be seen in Fig. 4, morning is traffic con-
centrated in the earliest morning hours and afternoon
traffic is more spread out, because several activities are
performed after regular working hours. These patterns
explain the differences between the morning and after-
noon maps.
The usefulness of RCM and hCM as measures of pen-
dularity can be evaluated by using local traffic knowledge
to analyze Fig. 10. The birdlike shape on the right side of
the maps in Fig. 10 is borough 1 (Bras´ılia), where most
jobs are located. On the left side, we can see the biggest
residential area composed of boroughs 3, 9, 12, and 15
(borough information is presented in Figs. 1 and 2).
Three roughly parallel highways (Estrutural, EPTG,
EPNB) connect these two areas. The upper highway
is one-directional and reversible part of the day, whose
counter-commuting traffic is diverted to the middle park-
way. This counter-commuting flow reduces the pendu-
larity of the middle parkway. The morning commute is
mostly contained within the diverted traffic window, but
the afternoon commute extends well after this window.
Thus, the pendularity in the middle highway is higher
in the afternoon. The strong pendularity of the lower
and the upper highways is demonstrated by the magenta
color of these routes in the hCM maps.
Notably, the pendularity in the middle parkway is
stronger in the passengers-weighted network than in the
trips-weighted network. This finding indicates that a sig-
nificant amount of people have a reason to take the mid-
dle parkway even if fewer trips are allocated there com-
pared with the upper highway and will probably crowd
the allocated vehicles.
A higher value of RCM in Fig. 10, corresponds to
a more concentrated distribution of trips or passengers
throughout the day. For example, the small magenta
rectangle at the right side of these maps is the Esplanade
of Ministries, an area exclusively occupied by federal gov-
ernment buildings. Most of the services there are pro-
vided from 8 h to 18 h, and the movement of people and
buses concentrated in that interval explain the high value
of RCM in that region.
We could further demonstrate the compatibility be-
tween local traffic knowledge and the pendularity ex-
pressed in the map. Such compatibility extends beyond
the discussed cases. The presented discussion sufficiently
states the reliability of hCM as a measure of pendularity.
The evidence of pendularity is not as strong in the maps
of RCM , although it can contribute to the understanding
of the daily traffic pattern.
VII. CONCLUSIONS
In this paper, we introduced a methodology to identify
and analyze networks that were subjected to pendular
behavior. This methodology is able to identify the most
critical nodes and times of the day when the behavior
is critical. In particular, for the bus system of the DF,
we showed that morning and afternoon traffic patterns
were distinct for several edges. The pendular behavior
is proven by measuring the morning/afternoon asymme-
try of the commuting movement. We rely on the estab-
lishment of a directional network that can distinguish
the movement in both directions. Pendular behavior re-
sults in a very low hCM on the edges pointing downtown
because of the people’s movement from home to work.
Symmetrically, the value of hCM is high at edges point-
ing away from downtown.
We use hCM to classify the edges as morning or after-
noon ones and compared the results with local knowledge
of the city dynamics. Both hCM display the pendular be-
havior of the main commuting backbones. Furthermore,
the separation allow us to evaluate the differences be-
tween the morning and the afternoon commutes.
The concentration of trips in the morning or in the af-
ternoon should result in high values of RCM for pendular
edges. Although a higher value of RCM should be corre-
lated to higher pendular behavior, our color map of RCM
does not highlight the known commuting backbones.
This same methodology can be applied to identify the
critical times of other types of networks such as financial
networks or power networks. Future works may consider
this line of research.
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FIG. 10. Pendularity of the most populated area of DF, highlighted in Fig. 1. Pendularity is measured by the morning hCM
(upper plots) and the afternoon hCM (middle plots), and the concentration of trips is measured by RCM (lower plots). The
widths of the edges are proportional to the edge weight. The color of pendular edges is magenta and the the color of the non
pendular edges is cyan. The three left plots use the number of trips as weight and the three right plots use the number of
passengers as weight. (a) Morning hCM – Trips; (b) Afternoon hCM – Trips; (c) RCM – Trips; (d) Morning hCM – Passengers;
(e) Afternoon hCM – Passengers; (f) RCM – Passengers.
APPENDIX: FOURIER SERIES OF TRIP
SCHEDULE
Although Eq. (4) resulted from the definition of CM,
it bears close resemblance to the first harmonic (n = 1)
of a Fourier series, whose coefficients are given by:
xn =
2
T
∫ T
0
f(x) cos
2pint
T
dt (8a)
yn =
2
T
∫ T
0
f(x) sin
2pint
T
dt, (8b)
with T = 24 h. That similarity becomes evident if one
uses the Dirac’s delta, δ(x), to write the trip scheduling
as the distribution
f(h) =
1
M
N∑
i=1
miδ(h− hi). (9)
By substituting Eq. (9) in Eq. (8) we obtain
xn =
1
npiM
∑
i
mi cos
2pinhi
24 h
(10a)
yn =
1
npiM
∑
i
mi sin
2pinhi
24 h
. (10b)
From the above expressions we can define the amplitude
of the harmonic n
rn =
√
xn2 + yn2. (11)
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The harmonic n is related to trip distribution with a
time interval of 24/n h. For example, if two trips are
made per day at 9 h and 17 h, i.e., separated by 8 h
then, the trips would be related to n = 3. The result-
ing coefficients are rn = 1 for n as a multiple of 3 and
rn = 0.5 for other values of n. The harmonic n = 3 is
the lowest of those with higher values, expressing the im-
portance of the 24 h / 3 = 8 h time interval of this trip
schedule.
A more realistic situation would be to have 1 trip per
hour from 7 h to 19 h, except from 8.5 h to 9.5 h, and
from 16.5 h to 17.5 h, where the time interval between
trips is 15 min. This situation would result in r1 = 0.55,
r3 = 0.47, and smaller values for the other harmonics.
The result not only reflects the trip concentration in half
of the day but also the 8-hour time interval.
In most bus systems, vehicles travelling in opposite
directions stop in distinct stops. This is not usually the
case of trains systems. While unidirectional commuting
stops peak either in the morning or in the afternoon,
stops that attend to travels in both directions will present
these two peaks. This double peak is probably better
characterized by a Fourier harmonic with n > 1.
A third peak may also commonly exist in the middle
of the day, as can be seen in Fig. 4(b). The presence of
this peak is another situation in which a Fourier analysis
with n > 1 may be more suitable than n = 1.
[1] M. C. Gonzalez, C. A. Hidalgo, and A.-L. Barabasi,
Nature 453, 779 (2008).
[2] D. Helbing, Rev. Mod. Phys. 73, 1067 (2001).
[3] B. D. Dalziel, B. Pourbohloul, and S. P. Ellner, P. Roy.
Soc. Lond. B Bio. 280, 20130763 (2013).
[4] D. A. McFarland, K. Lewis, and A. Goldberg, Am. So-
ciol. 47, 12 (2016).
[5] I. Rhee, M. Shin, S. Hong, K. Lee, S. J. Kim, and
S. Chong, IEEE ACM T. Network 19, 630 (2011).
[6] M. R. Frank, L. Mitchell, P. S. Dodds, and C. M. Dan-
forth, Sci. Rep. 3, 2625 (2013).
[7] B. Hawelka, I. Sitko, E. Beinat, S. Sobolevsky, P. Kaza-
kopoulos, and C. Ratti, Cartogr. Geogr. Inf. Sci. 41, 260
(2014).
[8] S. Erlander and N. F. Stewart, The gravity model in
transportation analysis: theory and extensions, Vol. 3
(Vsp, 1990).
[9] F. Simini, M. C. Gonza´lez, A. Maritan, and A.-L.
Baraba´si, Nature 484, 96 (2012).
[10] V. Palchykov, M. Mitrovic´, H.-H. Jo, J. Sarama¨ki, and
R. K. Pan, Sci. Rep. 4, 6174 (2014).
[11] V. Latora and M. Marchiori, Phys. Rev. Lett. 87, 198701
(2001).
[12] V. Latora and M. Marchiori, Physica A 314, 109 (2002).
[13] P. Sen, S. Dasgupta, A. Chatterjee, P. Sreeram,
G. Mukherjee, and S. Manna, Phys. Rev. E 67, 036106
(2003).
[14] J. Sienkiewicz and J. A. Ho lyst, Phys. Rev. E 72, 046127
(2005).
[15] M. Kurant and P. Thiran, Phys. Rev. E 74, 036114
(2006).
[16] X. Xu, J. Hu, F. Liu, and L. Liu, Physica A 374, 441
(2007).
[17] Y.-Z. Chen and N. Li, Physica A 386, 388 (2007).
[18] Y.-Z. Chen, N. Li, and D.-R. He, Physica A 376, 747
(2007).
[19] Z. Zhen-Tao, Z. Jing, L. Ping, and C. Xing-Guang, Chi-
nese Phys. B 17, 2874 (2008).
[20] C. Von Ferber, T. Holovatch, Y. Holovatch, and
V. Palchykov, Eur. Phys. J. B 68, 261 (2009).
[21] D. O. Cajueiro, Phys. Rev. E 79, 046103 (2009).
[22] D. O. Cajueiro, Physica A 389, 1945 (2010).
[23] CODEPLAN - Companhia de Planejamento do Distrito
Federal, “Pesquisa distrital por amostra de domic´ılios
(pdad)–2010/2011,” (2011).
[24] R. Albert, I. Albert, and G. L. Nakarado, Phys. Rev. E
69, 025103 (2004).
[25] G. A. Pagani and M. Aiello, Physica A 392, 2688 (2013).
[26] R. M. May, S. A. Levin, and G. Sugihara, Nature 451,
893 (2008).
[27] P. Gai, A. Haldane, and S. Kapadia, Journal of Monetary
Economics 58, 453 (2011).
[28] A. G. Haldane and R. M. May, Nature 469, 351 (2011).
[29] D. Helbing, Nature 497, 51 (2013).
[30] J. M. Wooldridge, Econometric analysis of cross section
and panel data (MIT Press, 2002).
9
